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ABSTRACT. The following result is proved: Let A be a commutative real
Banach algebra with unit 1. Let G denote the group of invertible elements
of A and let G; be the connected component of G containing 1. If the
quotient group G/G1 contains an element of finite order other than Gi,
then the order of such an element must be 2. If the group G/G1 is of finite
order, then its order must be 2" for some nonnegative integer n.

1. INTRODUCTION

Let A be a commutative complex Banach algebra with unit 1. Let G denote
the group of invertible elements of A and let G be the connected component of G
containing 1. Then G, is also a group and G; = {exp(a) : a € A}. (See [1], [7].)
A well known theorem due to Lorch says that the quotient group G/G; contains
no element of finite order except the unit element Gy. (See [7], Theorem 10.44.)
This is false for real Banach algebras as the trivial example A = R shows. Here G
is the set of all nonzero real numbers, (1 is the set of all positive real numbers and
the element —1.G is of order two in G/G;. In fact G/G1 has only two elements.
A less trivial example is obtained by considering A = Cg([0,1]), the real Banach
algebra of all real valued continuous functions defined on the interval [0, 1] with
pointwise operations and the supremum norm. In this case also, the group G/G1
is of order two. (See [7], Exercise 21, Chapter 10.)

This raises a natural question: What are the possible orders of elements in the
group G/G; of a real Banach algebra A? This question has a very interesting
answer, namely, 2 apart from of course one and infinity. This also means that
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if G/G; is a finite group, then its order must be 2™ for some natural number n.
The aim of this note is to present a proof of this result. A careful reader may
observe that the main ideas of the proof are already present in the known proof
of the theorem for complex Banach algebras. Though it seems natural that such
a result should have been expected, it does not seem to have appeared in print.
Since every complex algebra is also a real algebra, the class of real Banach
algebras is a larger class. On the other hand, the class of complex Banach algebras
is a very well studied class, with rich theory mainly due to the possibility of using
very rich complex function theory. There have been attempts in the literature to
extend the results of complex Banach algebras to the larger class of real Banach
algebras. An account of such attempts can be found in the monographs [3] and
[5]. Many of these attempts consist in considering some theorem about complex
Banach algebras and showing that a similar theorem also holds for real Banach
algebras. In contrast, the present note considers a theorem which is true for
complex Banach algebras but not true for real Banach algebras. Another instance
of a similar theorem is the well known Gleason-Kahane-Zelazko Theorem. (See

2])
2. MAIN RESULT

We refer to [3] for the basic theory of real Banach algebras. Here we recall
a few concepts needed to prove our main result. Let A be a commutative real
Banach algebra with unit 1. Let G denote the group of invertible elements of A
and let Gy be the connected component of G containing 1. For s € R, we shall
identify the element s1 with s. For a € A, the spectrum o(a) of a is defined by

o(a):={s+itcC:(s—a)?+t*¢ G}

It is clear that s 4+ it € o(a) if and only if s — it € o(a). Also if s is real,
then s € o(a) if and only if s —a ¢ G. We also need the following: If m is a
natural number, then o(a™) = {\™ : XA € o(a)}. This is a special case of the
Spectral Mapping Theorem for real Banach algebras. (See [3], [4] for a proof.) A
consequence of the Spectral Mapping Theorem is that if the spectrum o(a) does
not contain any negative real number, then a = exp(b) for some b € A. This fact
is used in proving that G; = {exp(a) : a € A}. A proof of this given in [1] or
[7] for complex Banach algebras works for real Banach algebras as well. (See also

[5].)

Theorem 2.1. Let A be a commutative real Banach algebra with unit 1. Let G
denote the group of invertible elements of A and let G1 be the connected component
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of G containing 1. If the quotient group G/G1 contains an element of finite order
other than G1, then the order of such an element must be 2.

PROOF. It is enough to prove the following claim.
Claim: If @ € G and ™ € G, for some natural number m, then a® € G;.

Since a™ € G1, we have a™ = exp(z) for some z € A. Let b = exp(xz/m) € G
and ¢ = ab~!. Then by the commutativity of A, ¢™ = a™b~™ = exp(x) exp(—x) =
1. Define g : C — A by

g\ = (s> + )2 =2 +t2 —s)c+ (s> +t2 —25+1), A=s+itecC.
Let E = {\ € C: g(\) € G}. Suppose A = s+ it ¢ E. Then X\ # 0 because
g9(0) =1 € G. Also since, A = s + it ¢ E, we have

g\ = (2 + 1) =282 + 12 —s)c+ (2 +12 —25+1) ¢ G.
Since s + 2 # 0, this gives

9 s 2s

1
Tore taipftl

A little calculation/simplification shows that this last expression is in fact
(c—a)?+ % ¢ G, where a +i = 2L, In other words, 231 € o(c). Hence
(31)™ € o(c™) = o(1) = {1}. This implies (A — 1)™ = A™. Since this last
equation can have only a finite number of solutions in C, C\ F is a finite set. Thus
E is a connected set. Hence g(F) is a connected subset of G containing g(0) = 1.
Thus g(E) C G;. In particular, ¢*> = g(1) € G and in turn a? = ¢?? € G;. This

proves the claim. O

Remark 2.2. Note that in view of the above theorem, if G/G; is a finite group,
then every element other than the identity element G; is of order 2. Hence the
group G/ is isomorphic to Z% for some nonnegative integer n. In particular,
the order of G/G1 is 2™. This happens in the case of the real Banach algebra R™
with the coordinatewise multiplication and the max norm ||.|/co.

Remark 2.3. We may further note that if A is not commutative, then G/G; can
contain elements of finite order other than 1 or 2. In fact, Paulsen has shown in
[6], that given a natural number n, it is possible to construct a Banach algebra
A such that the group G/G1 of this algebra A is (isomorphic to) the cyclic group
of order n.

REFERENCES

(1] F. F. Bonsall and J. Duncan, Complete normed algebras, Springer, New York, 1973.
MRO0423029 (54 #11013)



836 S. H. KULKARNI

[2] S. H. Kulkarni, Gleason- Kahane - Zelazko theorem for real Banach algebras, J. Math.
Phys. Sci. 18 (1983/84), Special Issue, S19-S28. MR0753938 (85j:46080)

[3] S. H. Kulkarni and B. V. Limaye, Real function algebras, Monographs and Textbooks in
Pure and Applied Mathematics, 168, Dekker, New York, 1992. MR1197884 (93m:46059)

[4] S. H. Kulkarni and B. V. Limaye, Spectral mapping theorem for real Banach algebras,
Houston J. Math. 7 (1981), no. 4, 507-517. MR0658566 (83i:46057)

[5] B. Li, Real operator algebras, World Sci. Publishing, River Edge, NJ, 2003. MR1995682
(2004k:46100)

[6] V. Paulsen, The group of invertible elements in a Banach algebra, Colloq. Math. 47 (1982),
no. 1, 97-100. MR0679389 (83m:46073)

[7] W. Rudin, Functional analysis, Second edition, McGraw-Hill, New York, 1991. MR1157815
(92k:46001).

Received March 19, 2012

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY - MADRAS, CHENNAI
600036

Current address: Department of Mathematics, Indian Institute of Technology - Madras,
Chennai 600036

E-mail address: shk@iitm.ac.in



