Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

and Its

Applications

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Linear Algebra and its Applications 432 (2010) 3012-3017

Contents lists available at ScienceDirect

Linear Algebra and its Applications

journalhomepage: www.elsevier.com/locate/laa

A formula for gap between two closed operators

S.H. Kulkarni 2, G. Ramesh P-*1

2 Department of Mathematics, IIT Madras, Chennai 600 036, India
b Stat Math Unit, ISI Bangalore, 560 059, India

ARTICLE INFO ABSTRACT
Article history: Aim of this short note is to obtain a formula for the gap between
Received 16 September 2009 two densely defined unbounded closed operators. It is interesting to

Accepted 5 January 2010

€ ! note that the formula is very similar to the corresponding formula
Available online 9 February 2010

for the gap between two bounded operators.
Submitted by R. Bhatia © 2010 Elsevier Inc. All rights reserved.

Keywords:

Densely defined operator
Closed operator

Graph of an operator
Square root of an operator
Gap of an operator

Gap between operators

1. Introduction

Let H denote an infinite dimensional complex Hilbert space. For a closed subspace M of H denote
by Py, the orthogonal projection onto M. The gap between closed subspaces M and N of H is given by
8(M, N) :=||Py; — Py]||. This defines a metric on the class of closed subspaces of H, known as the gap
metric. The topology induced by the gap metric is known as the gap topology.

Next, let H;, H, be two Hilbert spaces. If A,B : Hi — H, are bounded operators, then the gap
6 (A, B) between A and B is defined as the gap between the corresponding graphs G(A) and G(B). That is
0(A, B):=||Pga) — Pg(p)ll.In particular,if B = 0, then 8 (A) :=6 (A, 0) is called the gap of the operator A.
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between bounded operators A, B € B(H) was deduced by Nakamoto [11], which generalizes Habibi’s
result. He proved the following:

For an m x n matrix A, Habibi [4] proved that 6 (A) = . A formula for computing the gap

0(A, B) = max {H(I +BB*)" 124 = B)(I _,_A*A)q/zH’
|4 +aa)71 24— By + B°B) 12| |,

and also has shown that the topology induced by the gap metric and the topology induced by the
operator norm on B(H) are the same.

Similarly if A, B are densely defined closed operators, then G(A) and G(B) are closed subspaces of
Hi x Hy. Hence in this case also the gap between A and B is defined as ||Pga) — Pgp) ||. This defines
a metric on the class of closed operators and induces a topology also known as the gap topology. It
is well known that the gap topology restricted to the class of bounded operators, coincides with the
norm topology. Also the convergence with respect to the gap metric on the set of self-adjoint bounded
operators coincide with the resolvent convergence [14, Chapter VII, p. 235].

In the literature the class of unbounded closed operators has not received due attention, although
many operators that arise in physical applications are unbounded. The main difficulty in dealing with
the unbounded operators is that they are usually defined on some proper subspace of a Hilbert space.
Hence many techniques of bounded operators do not work for unbounded operators.

The aim of this article is to generalize the results of Habibi [4] (see Theorem 3.2) and Nakamoto
[11] to the case of unbounded closed operators (see Theorem 3.5).

The next section contains some preliminary results. In the third section we obtain a formula for
the gap of a closed operator and generalize a theorem of Nakamoto [11, Theorem 1.1] to the class of
unbounded operators.

It is a remarkable fact to observe that this formula is essentially same as the formula for the gap
between two bounded operators. This is due to the fact that the operators that appear in the formula
(for the gap between unbounded closed operators) are bounded.

In [9], the author has defined a metric on a class of operators on a Hilbert C*-module. This metric
is equivalent to the gap metric, but it is not the same (See Remark 3.6 for details).

2. Notations and basic results

Throughout the paper we consider complex Hilbert spaces which will be denoted by H, Hy, Hy,
etc. The inner product and the induced norm are denoted by (, ) and ||.||, respectively. If T : H; — H,
is a linear operator with domain D(T) C Hj, then it is denoted by T € £(Hy, H»). The null space and
the range space of T are denoted by N(T) and R(T), respectively.

The graph of T € £(H1, Hy) is defined by G(T):={(x, Tx) : x € D(T)} € H; x Hy.If G(T) is closed,
then T is called a closed operator. The set of all closed operators between H; and H, is denoted by
C(Hq, Hy). By the closed graph Theorem [5, p. 281], an everywhere defined closed operator is bounded.
The set of all bounded operators is denoted by 3(Hy, H2).If H; = Hy = H,then B(Hy, Hy) and C(Hy, Ha)
are denoted by B(H) and C(H), respectively.

If S and T are closed operators with the property that D(S) € D(T) and Sx = Tx for all x € D(S),
then S is called the restriction of T and T is called the extension of S. If M is a closed subspace of a
Hilbert space H, then ML is the orthogonal complement of M in H.

For closed subspaces My and M5 of H, the direct sum and the orthogonal direct sum are denoted by
M; @ M and M; &+ M, respectively. Throughout we denote thatif T € C(Hy, H,) is densely defined,
thenT = I+ T*T) 'and T = (I + TT*) " L.

Here we recall some of the known facts which will be used in the next section.

Proposition 2.1 [1, p. 70]. Let M, N be closed subspaces of a Hilbert space H. Then
8(M,N):=||Py — Pn|| = max {|[Pu(I — Pn)||, [IPn(I — Pm)I} -
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Proposition 2.2 [3, pp. 70-71]. Let H; be Hilbert spaces and A; € B(H;), i = 1,2. Let A = [A(} AOZ }
Then A € B(H1 © Hy) and ||A|| = max {||A]], [|A2]]} .

Definition 2.3 [15, Theorem 13.31,p. 349].Let T € C(H) be a positive operator. Then there exists a unique
positive operator S such that T = S2. The operator S is called the square root of T and is denoted by

S=T3.

Proposition 2.4 [15, Theorem 13.13, p. 336]. Let T € C(Hy, Hy) be densely defined. Then the operator
I+ T*T : D(T*T) — H; is bijective and T is bounded.

Lemma 2.5 [6,7,13]. Let A € C(Hy, H2) be densely defined. Then

1AeB(H1)AeB(H2)
2.AA C AA, ||AA|| < ] and AA* C A*A, ||A*A[I< L.

Lemma 2.6 [2, Lemma 5.1]. Let A € C(H1, H2) be densely defined. Then

;\% AA2 are bounded
2 Jid] <o [ <1

3. The gap between closed operators

Recall thatifA, B € C(Hj, Hy), then the gap between A and Bis defined by 8 (A, B) = ||Pg(a) — Pyl
where Py, : H; X Hp — Hy X H; is an orthogonal projection onto the closed subspace M of H; x Ha.
In this section first we obtain a formula for the gap of a closed operator which generalizes the result of
[4]. For this purpose we use the matrix representation of the orthogonal projection onto the graph of a
closed operator. This representation was obtained in [2]. Also see [12] and [16, pp. 72-73]. This result
for self-adjoint bounded operators was proved by Halmos using elementary geometric concepts in [8].

Theorem 3.1 [2,16]. Let A € C(Hy, Hy) be densely defined. Let P:=P¢(4). Then
v -
p— Av A AA .
AA T—-A
Similarly if B € C(Hy, Hp) is densely defined and Q = P g), then

A—B A"A—BB
O(A'B):”P_Q”:H:A;\—B]VS B_4 i|

Theorem 3.2. Let A € C(Hy, Hy) be densely defined. Then A]\% is bounded and

0(A0) = ||AA2]].

Proof. Note thatA]\% is bounded by Lemma 2.6. Let P:=Pg4) and Q :=Pg(q). Then by Proposition 2.1,
0(A 0) = max {||P(I — Q)||, [lQU —P)||}.

Now,
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A AAl[0 o0 0 —A*A|.
PU-Q = |:AA AA*E] [O —1} = [o —AA*K} =T (say).
Then

«_[ QO 0 sr [0 0 _
T _[—AA —aaax| M TT =0 Zan A 4 AaA*AA*A |-

Therefore, using the relations in Lemma 2.5 and Proposition 2.2,

IITI1* = |IT*T|] = max {||0]|, ||AAA*A + AAA*AA*A||}

= ||AAA*A + AAA*AA*A||
= [JAAA™ (I + AA")A]|
= [|AAA"|.
Hence ||T|| = ||AAA*]|2 = ||A(I + A*A) 7 || = HAA%H
A similar computations ensures that ||Q(I — P)|| = ||A]\% ||. This completes the proof. []

Al

TS

v 1
Remark 3.3. Let A € B(Hy, Hy). Then it is easy to show that ”AAi H = Hence by Theorem

3.2, the gap of A is given by
Al
V1 + A2

In particular, when A is an m X n matrix we obtain the result of Habibi [4].

0(A):=6(A0) =

Next we obtain a formula for 6 (A, B) where both A # 0 and B # 0. Let A, B € C(Hy, Hy) be densely
defined. Recall that T = (I + TT*) "' and T = (I 4+ T*T) ! for any densely defined T € ¢(H;, Hy).

Lemma 3.4 [1, p. 70]. Let P:=P¢(a) and Q :=Pg(p). Then

L |IP = QI = max {|IP(I — Q). lQ( = PID}.

2. 1PQ|l = sup | {80 - Pe=x#0, @y =y #0}.

v

Theorem 3.5. Let A, B € C(Hy, Hy) be densely defined. Then the operators E%AA%, BE%/V\%, AA%E% and
Z% Bé% are bounded and

Proof. Let P, Q be as in Lemma 3.4. First note that E%AA% is bounded since it is the composition of
~1 v1
two bounded operators B2 and AA2. A similar argument concludes the boundedness of the operators
vivi v1lwvl ~1 1
BB2A2, AA2B2 and A2BBz2.
Observe thatI — Q is an orthogonal projection onto the subspace {(—B*y,y) : y € D(B*)}. Now let
us calculate ||P(I — Q) || using Lemma 3.4. By definition,

[{(x, Ax), (—=B*y, ¥))|
o#xeD(A), 04yeD8*) | (%, AX) || [|(=B*y, )|

v

~1 1
— B21AA2

v

1vl a1 w1
AA2B2 — A2BB2

=

6(A, B) = max HBE%A

IP0— Q) =
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| (% —B%) + (A%, )|
= su .
oxep(,02veD®") | \/|1x|2 + 14x]12 llyll? + (1B )2

The mapsA% :H;y — D(A) and/B\% : Hy — D(B™*) are bijective. Hence for every 0 # x € D(A) there
v 1
exists a unique 0 # u € Hy such that x = A2u. For a similar reason for every 0 # y € D(B*) there

~1
exists a unique 0 # v € Hy such thaty = B2v.
Now

Similarly [|y||> + ||B*y||> = ||v||>. Hence

’(Z\%u —B*E%v) + <A/ﬁu, E% v))
IPT - = sup
0ueH, 0£veH, [lull v
L1v1 141
_ sup ’(BBZAzu,v> — (BZAAzu,v)‘
0+ucHj, 0£veH, llull (vl
L1v1 a1 w1
I ((BB2Az — B2Adz ) u,v)|
0-£ucH;, 0£veH; lull (]I

w1yl 11
BB2A2 — B2AA2

By a similar argument it follows that

v1v

ARZBT — A

v

1
BB2

N=

nqa—mn:'

Thus the gap between A and B is given by
0(A B) = max{HBE’%/V\% _BiAAZ H ’ )A;\%E% _ AspEl H} O

Remark 3.6. In [9, Egs. (2.2) and (2.3)], the author has defined a metric d on the class of unbounded
regular operators on Hilbert C*-modules (see [10, Chapter 9] for the details of such operators). This
metric is equivalent to the gap metric, but it is different. This formula for the case of densely defined
unbounded closed operators in Hilbert spaces reduces to the following:

Let A, B € C(Hq, Hy) be densely defined. Then

d(A,B):= sup {||A — B|, ||A — BI|, |AA — BB||}. (3.1)

In particular, d(A4, 0) = ||A;\|| + ||A;\% || = 6(A). Thus the formula 3.1 and the gap formula are not the
same.
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